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Graph Neural Networks



Graph Neural Networks

= Atypeof Neural Network which directly operates on the Graph structure
In Computer Science, a graph is a data structure consisting of two components, vertices(nodes) and edges
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Graph Neural Networks
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Graph Neural Networks
= Application

»
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Brain connectivity Drug/material molecules 3D meshes
(Neuroscience) (Chemistry) (Computer Graphics)

Social networks World relationships Scene understanding

(Advertisement) (NLP) (Computer Vision) Transportation networks



Graph Neural Networks
= Application
*  GNNinComputer Vision

object proposal scene graph

Graph
Convolution

Layout prediction

man < rightof <= man

¥ A\

throwing boy <= behind

} ‘

frisbee on =P patio

Noise Conv Upsample

Input: Scene graph Object Seiia
Rt layout Cascaded Refinement Network Output: Image
Inference
Scene graph from relationships between objects in imagel!! Image generation from a scene graph!?!
Scene Graph Generation. Figure from D. Xu, Y. Zhu, C. B. Choy, and L. Fei-Fei, “Scene graph generation by iterative message passing,” in Proc. of CVPR, 2017 9

Image generated from scene graphs. Figure from J. Johnson, A. Gupta, and L. Fei-Fei, “Image generation from scene graphs,” in Proc. of CVPR, 2018



Graph Neural Networks
= Application

«  GNNinBiology

MoleculeO| &5 =2 (potent drug) 0| E = U=AIE OIS

Y =

Molecule(graph) Inhibist E.coli?

Atom type, charge, bond type (features)

10

https://petar-v.com/talks/GNN-Wednesday.pdf , Petar Veli¢kovi¢, DeepMind



https://petar-v.com/talks/GNN-Wednesday.pdf

Graph Neural Networks

= Application
«  GNNinBiology
Cell

A Deep Learning Approach to Antibiotic Discovery
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Highlights
e Adeep learning model is trained to predict antibiotics based
on structure

e Halicin is predicted as an antibacterial molecule from the
Drug Repurposing Hub

e Halicin shows broad-spectrum antibiotic activities in mice

e More antibiotics with distinct structures are predicted from
the ZINC15 database

Stokes, J. M., Yang, K., Swanson, K., Jin, W., Cubillos-Ruiz, A., Donghia, N. M., ...
https://www.nature.com/articles/d41586-020-00018-3
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In Brief

A trained deep neural network predicts
antibiotic activity in molecules that are
structurally different from known
antibiotics, among which Halicin exhibits
efficacy against broad-spectrum
bacterial infections in mice.

Halicin

& Collins, J. J. (2020). A deep learning approach to antibiotic discovery. Cell, 180(4), 688-702.

nature

Explore content ¥  About the journal ¥  Publish with us ¥ Subscribe

nature » news » article

NEWS | 20 February 2020

Powerful antibiotics discovered
using Al

Machine learning spots molecules that work even against ‘untreatable’ strains of

bacteria.
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Graph structure



Graph structure

= Graph G aredefined by:
«  VerticesV(node)
«  EdgesE:

> Directed/ undirected
> Weighted/ unweighted

«  Adjacency matrix A: n x nQ 2 Ha4, {1,0}

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf

Vertex

13



Graph structure

= Graph G aredefined by:
«  \VerticesV(node)
« FEdgesE:

>  Directed/ undirected
> Weighted/ unweighted

«  Adjacency matrix A: n x nQ 2 Ha4, {1,0}

Vertex

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf

Vertex
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Graph structure

= Graph G aredefined by:
«  VerticesV(node)
«  EdgesE:

»  Directed/ undirected
> Weighted/ unweighted

«  Adjacency matrix A: n x nQ 2 Ha4, {1,0}

Vertex

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf

Vertex
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Graph structure

= Graph G aredefined by:
«  \VerticesV(node)
«  EdgesE:

> Directed/ undirected
> Weighted/ unweighted

«  Adjacency matrix A: n x nQ 2 ¥4, {1,0}

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf

A e g
O] 1 O 0| 1
T O 1 T T
O] 1 0 110
O] 1 1 O 1
T 1 O | 1 0
Adjacency Matrix

16



Graph structure

= Degree matrix
«  Degree=Zf nodedi| HZE edge?| 4=

> [[2EA, Adjacency matrix2] 2| =

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf

A € g
O 1 1 O] 0] 1
1 O] 1 T 1
O 1 O 110
O 1 1 O 1
T 1 O | 1 0
Adjacency Matrix

17



Graph structure

= Degree matrix
*  Degree=Zf nodedi| H&= edgel|
> [IR2EA, Adjacency matrix@] row sum 2t S

« D UZ0] degree 402 +HJ5|H, LIHA| €20

2101010710
0140|010
O1011 2] 010
O]1010] 3]0
O]10]0]0]|3
Degree Matrix

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf
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Graph structure

= Laplacian matrix

Degree matrix - Adjacency matrix

Du=ZAi,j D € R>™ A € RPT L=D—-A LER™
210107100 O] 110|101 2 1-11 0710 |- Degree !
O4 101|010 T O | 1 T 1 11 4 (-1 1-11 -1 O[R vertexelo| 2| e
o|o0}210|]0| — |01 0] 1]0|F 112 1-110
O]10]10| 310 O] 111101 -1 -1 3 |-
O]10 101013 1111071110 -1 1-110 (-1 3

Degree Matrix Adjacency Matrix Laplacan Matrix

19

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf



Graph structure

= Laplacian matrix

«  Degree matrix - Adjacency matrix
¢ S nodet 02 nodeAo|Q] A A&

[xl,xZ,x3,X4,X5] X 2 —'] O O —’I = —X1 + 4x2 — X3 — X4 — Xg
Al alal-1] -7 = (x2—x1) + (x2—x3) + (x2—x3) + (x2—x4) + (X2—x5)
-1 g) -1 0 24 node?t O[22 node AfO|2| &tA| A = It
RN E

20

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf



Graph domain

= Task
«  Graph prediction
»  Molecule dassification
«  Edgeprediction
*  Node prediction

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf

Graph prediction

21



Graph domain

= Task
«  Graph prediction
«  Edge prediction (=link prediction)
»  Recommendation system

*  Node prediction

Edge prediction

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf

22



Graph domain

= Task
«  Graph prediction
«  Edgeprediction
*  Node prediction
>  Atypical application of GNN is node dassification

Node prediction

http://dmgm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf

23



Chapter 1

Graph data



Graph data
= Datastructure

*  Image, volume, video H|0[Ef= 2D, 3D Eudlidean domains(grids) 2. = H354

*  Sentence, word, speech H|O[E}= 1D Eudlidean domains(grids) 2 H#o4

2D grid 1D grid

https://atcold.github.io/pytorch-Deep-Learning/en/week13/13-1/

1D grid

25



Graph data
= Datastructure

Image, volume, video 8|0 |E4= 2D, 3D Eudidean domains(grids) 2 2 #34

Sentence, word, speech H|O[E4= 1D Eudlidean domains(grids) @ = H#o4

THRIAQI S22 HH 75017 | IF0i| ConvNets B4t 7 +s(convolution, pooling)

. ° ) ) .

https://atcold.github.io/pytorch-Deep-Learning/en/week13/13-1/

26



Graph data

=  (Convolution

CNN =~ GNN?

»

2D-Convolution Graph Convolution

Wu, Z., Pan, S., Chen, F., Long, G., Zhang, C., & Philip, S. Y. (2020). A comprehensive survey on graph neural networks. IEEE transactions on neural networks and learning systems, 32(1), 4-24.

27



Convolution

=  Template matching

https://arxiv.org/pdf/1603.07285v1.pdf

28



Convolution

=  Template matching

»  Convolution(=correlation) as comparing a template (the filter) with each local image patch

«  Correlation measures similarity between the filter and each local image region

/\1 : 1

|
EENNNNNNENR .
0] o 0 0 0
Dot
product T 0
Image [ 0 | O | O o 1 1
Patch 2
o L Template
1 (filter)
\_/

2D grid(h) Template matching

= | O | O

-1 O

—




Convolution

= Template matching

»  Same node ordering: template L '= = {2 = oA | o

Image
Patch 1

2D grid(h)

17| R0 template L L=E0| S5HY

Node ordering

Ly

20

31

40

57

60

70

80

90

40

51

60

70

81

97

Node ordering

'0 20 %0
Dot
product 40 >1 60
7081 91
Template
(filter)

Template matching

v
N

HE image patchi| 02

~|lol=]|o

-1 O

—

30



Node ordering A
0 f0 o

Graph convolution e
= Template matching for graphs?

* Nonode ordering: noded| position(index) 7+ SACHH, graph datadl] 0L | template matching?

Node indices do not match the same information

dF No node ordering on graphs

Template Graph

31
Permutation invariance: independent of the order of neighbor nodes, as there is no specific way to order them.



Graph convolution

Template matching for graphs?

»  Heterogeneous neighborhood: nodet O[R2| 7S

Neighborhood size = 2

Template

[, A template matching?

Graph

2

o o v =

o|o|=|a
=

o
o
o

Tem

2D grid (h)

Neighborhood size = 3

Template matching

plate

91 (filter)

32

I
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How to define graph convolution?



How to define graph convolution?

=  Convolution theorem

Fourier transform of the convolution of two functions is the pointwise product of their Fourier transforms

F(w*h) =Fw)O F(h)

. 4
wxh =F Y(FWw)® F(h))

“Convolution in spatial (time) domain is equivalent to multiplication in Fourier
domain”

34



How to define graph convolution?

=  Convolution theorem

Fouriertransform of the convolution of two functions is the pointwise product of their Fourier transforms

T T T T T T I I I
1_.:. .......... A .......... —7 I:“;,‘_Ea under fi o1 [
1] e S Y AP fiz) Filter i

. : -1 Signal
e P e L ait-)

: : : : (f+gut)
|:|4_. .......... ._ .................... .......... e =
n_z_é .......... e S EETTRR Y S i

0 ! | I i 1 l !

-2 1.4 1 0.5 1] 0.5 1 1.4 2

&t

https://commons.wikimedia.org/wiki/File:Convolution_of_box_signal_with_itself2.gif



How to define graph convolution?

»  Fouriertransform

o oJo]lE MG (signal) £ CIfSt Ik (frequency) £ 2

2H= 2[5t S 0| 510 2 H3510] B

I

HEW|| ArEoh= 57 [t sin, cos ef et

DRI HZIPR| CILS 2

- oo He2

S W

https://darkpgmr.tistory.com/171

JIA| CIQSSH I Lo

RN s

|sin, cos ef 52w oS Fofiok= A

) Fourier transform
2 ) .
y o= [ roera
o T R
v T T
% 7 e Inverse Fourier transform
do
ot
]?1‘661 Frequency

esztdf

f@=&ﬂ®

36



How to define graph convolution?

»  Fouriertransform
«  YUHALMS:O|0|R|0A =S = (spatial) Of CHEH 2= AMSO|H, M}, 54 AMS A= A7 E (time) Of| CHSH 42|

o BaA2| - 200|Al= spatial domain0iA frequency domain 22| et -S4 20 0f|Af=time domaindilA] frequency domain@ = &

pon— . f(m.n) e(m,n)
G 4 > I &
%1 {
\J

h(m,n)

1

B
H B

X

w*xh =F 1(FWw) ® F(h)

37

https://sbme-tutorials.github.io/2018/cv/notes/3_week3.html
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»  Fouriertransform

Fo|of HEI0] CHet 21 2FAQ1 O ol R A R Cieh S&F2| F2(0f| FHE0| CHoliM Ofef S &

o-1-

But what is the Fourier Transform? A visual introduction.

EE
Handling Signal Data with Fourier Transform

DMOA Dpen Seminar
Signal o
13k
- X Handling Signal Data with Fourier Transf
Winding
anxg. O amd
. Pig®

4 20229 64 10
Transform 3 o= 1A -

D =219 H|C|2 AlH (YouTube)

HojLt 2 27| —

https://www.youtube.com/watch? v=spUNpyF58BY

https://www.youtube.com/watch? v=Q5L_Ky6nKVo



How to define graph convolution?

=  Graph Fouriertransform

Graph Fourier Transform

(

0.15

10.05

-0.05

Spatial domain

Girault, B., & Ortega, A. (2019). What's in a frequency: new tools for graph Fourier Transform visualization. arXiv preprint arXiv:1903.08827.

Graph Frequency index /

ft:
[ AV
N
Kh -
B
.. b
*-.\__‘_.
~V
I
-0.1 -0.05 0 0.05 0.1 0.15

Vertex embedding

Frequency domain(spectral domain)

39



Chapter 2

How to define Fourier transforms for graphs?

40
57 1R HiSk AH, LIHA| SV FR | 48E2 appendix I EAIZ HIILICE,



wxh =F 1(Fw)® F(h))

How to define Fourier transforms for graphs?

» Fouriertransform

Yol YU A5 (signal) S LIS (frequency) & 2= 57 [Rt4-E2| 8O & F5tio10] 53

= 4+ (signal): Node features

Signal

T
:
b

€ R3

Signal Node's feature vector € R®

41
Undirected graphE 7



wxh =F 1(Fw)® F(h))
How to define Fourier transforms for graphs?

= Rethinking the convolution on sequences

« Image cyclical grid graph, and Convolution over it 5 s s

G =P Gra=0Cy Gi22=73

Ageneralized grid graph, also known asan —dimensional lattice graph
(e.g., Acharyaand Gill 1981)

Xy X X © %5

* for easier handling of boundary conditions

42

https://mathworld.wolfram.com/GridGraph.html
https://petar-v.com/talks/GNN-Wednesday. pdf



wxh =F 1(Fw)® F(h))
How to define Fourier transforms for graphs?

= Rethinking the convolution on sequences

« Image cyclical grid graph, and Convolution over it

hy

X a
X b

%) X X ——()——%)

* for easier handling of boundary conditions

43

https://petar-v.com/talks/GNN-Wednesday. pdf



wxh =F 1(Fw)® F(h))
How to define Fourier transforms for graphs?

= Rethinking the convolution on sequences

« Image cyclical grid graph, and Convolution over it

h,

X b

O (%) (% X ———(X)

* for easier handling of boundary conditions

44

https://petar-v.com/talks/GNN-Wednesday. pdf



wxh =F 1(Fw)® F(h))
How to define Fourier transforms for graphs?

= Rethinking the convolution on sequences

« Image cyclical grid graph, and Convolution over it

~

hy
X b
—O—%—O—F

\Z/
- Fitter o (&Xr? L N for et oo syt
b ¢ 0 0 a
(a b ¢ 0 0] X1
0O a b ¢ 0 Xz
0 0 a b c X3
c 0 O a b Xy

45

https://petar-v.com/talks/GNN-Wednesday. pdf



wxh =F 1(Fw)® F(h))
How to define Fourier transforms for graphs?

= Rethinking the convolution on sequences

« Image cyclical grid graph, and Convolution over it

Filter Signal
b c 0 0 a Xo
X
a b c 0 0 1
X o
0 a b ¢ 0 2 < a
X X b
0 0 a b C 3 J\
X X X
¢ 0 0 a b | L X4 | @L (4 Z - @

* for easier handling of boundary conditions

46

https://petar-v.com/talks/GNN-Wednesday. pdf



w*xh =F LH(FWw) ® F(h))
How to define Fourier transforms for graphs?

= Rethinking the convolution on sequences h,
« Image cyclical grid graph, and Convolution over it / Jx\b
« Define a circulant matrix €([b,c,0,0,---,0,a]),H = f(X) = CX Q &) O, X, @

* for easier handling of boundary conditions

Circulant matrix (2] A 2):

C([b,c,0,0,---,0,a]) Signal
’— b C a XO ]
a b c X4
fX) =
a ¢ Xn—Z
¢ a b Xn—l

47

https://petar-v.com/talks/GNN-Wednesday. pdf



w*xh =F LH(FWw) ® F(h))
How to define Fourier transforms for graphs?

= Rethinking the convolution on sequences

e Circulant matrices commute! (W 2HHZ! A=)

Circulant matrix: C([b,¢,0,0,---,0,a])

(forany parameter vectorsu, w)
b c a__—h I |
a b c - i n
| |
a b c C(w) C(u) C(u) C(w)
_cC a b__J

“Convolution 942 commutative GAOICE x xw = w x x7

48

https://towardsdatascience.com/deriving—-convolution-from-first-principles-4ff124888028



w*xh =F LH(FWw) ® F(h))

How to define Fourier transforms for graphs?

= Rethinking the convolution on sequences AX = /TlX
Circulant matrices commute! (w221 M) T
Commuting matrices are jointly diagonalizable (CHZ{2t 7+5) Eigenvectors Eigenvalues
(LFHIES) (2t
(eigenvalues=CIS4:9ich

“AB = BA & [}, A?} B= 525t eigenvectorsS 7ICY

@

“01.E circulant matrices= w2t #1212 UE=E517 | W} E0]| St eigenvectorsE 7HRICY

49

https://towardsdatascience.com/deriving—-convolution-from-first-principles-4ff124888028



w*xh =F LH(FWw) ® F(h))
How to define Fourier transforms for graphs?
AX = AX

= Rethinking the convolution on sequences W T

e Circulant matrices commute! (W 2HHZ! A=)

«  Commuting matrices are jointly diagonalizable (CHZ{2t 7+s5) Eigenvectors Eigenvalues
(LFHIES) (IR
_ (eigennalues=CIS 491
S St eigenvectors

T =T

L *o

" 1

[I’D q)l ‘I)‘H—l
—ba

L - " .

sT @ A P*
€((0,10,0,---,0,0]) Eigenvectors Eigenvalues

v QEZO02 1012 0|S(translation)
v' Ciraulant matrix & orthogonal matrix (S - ST = 1)

50

https://towardsdatascience.com/deriving—-convolution-from-first-principles-4ff124888028



w*xh =F LH(FWw) ® F(h))
How to define Fourier transforms for graphs?

= Rethinking the convolution on sequences AX = /TlX
«  Circulant matrices commute! (w2rH 2! &) T
«  Commuting matrices are jointly diagonalizable (CHZ{2t 7+s5) Eigenvectors Eigenvalues
(LRHIE]) (2Rak

“BE circulant matrices?| eigenvectors= discrete fourier basis2t S5

® = [e© M) @ ...pMm-D)]

(qum =T
- 1
" b1 [ WOk
Dod: .. Gu ; wi i
-.. . e(k) — WT%.k , Wy = e(T)
£ F; —¢ﬂ—1 3 )
ST @ A @ K
Shift matirx: €([0,10,0,---,0,0]) Eigenvectors Eigenvalues N Y,
Y

v QEZ0=Z 1020|S(translation)

v' Ciraulant matrix & orthogonal matrix (S - ST = 1)

"Discrete Fourier basis”
Shift="Translation

https://towardsdatascience.com/deriving-convolution-from-first-principles-4ff124888028 Fourier functions form anorthonormal basis



x+h =F 1 (Fw) © F(h))
What we have covered so far /

= Discrete Fourier Transform(DFT) & Convolution theorem
1. Convolution &= drculant matrix=2 #3917 ts F (h) = ®h
2. Ciraulant matrixe= w2t H2] M2
3. E=draulant matrices= Wk H21E TSR | IE0] SZ ot eigenvectorsS 7 HUCH
4

2= draulant matrices?| eigenvectors= discrete fourier basiset- sZoHHC(0) = PAP*) @ =T

C(6) X A
[ b ¢ a | [ Xo ] = 0o N
a b c X1 01
fX) = o : =@ P X =®0 o X)
a C Xn—l
| a b ||  Xu2 | L Qn—l__
w * h F-1 F(w) ® F(h) 52

https://petar-v.com/talks/GNN-Wednesday.pdf C(6) =C([b,c,0,0,+,0,a]): a,b,c & weigh& S}= circulant matrix



wxh =F 1(Fw)® F(h))
Fourier Transformation == Change of Basis /

Cc(8) X A
= N % | [ - F(h) = ®*h
a b c Xy 91

fX)= ® X =®0 o X)

o / .

http://yunshengb.com/wp-content/uploads/2017/10/10202017 GCN_Presentation-1.pdf C(e) =C ( [b‘ c,00,:-,0, aD: abcs welghi 3|-E circulant matrix



http://yunshengb.com/wp-content/uploads/2017/10/10202017_GCN_Presentation-1.pdf

Spectral Graph Convolution



w*xh =F Y(Fw) ® F(h)
What we have covered so far
= Discrete Fourier Transform(DFT) & Convolutiontheorem
s  &: Discrete Fourier basis

Spatial

«  6: Leaming parameters

Circulant matrix

| - (%)

c() X Learningparameters C(0) A
_ — X, — do - Computational complexity T —
c X1 64 | P* P E
= Computational complexity | —

X) = =& * = 7 0 X 5
fX) PX =20 X) f Elementwise product _
X — —> (X
o ‘. | y f(X)
o a b || X, | - On-1_| )

Spectral

55

1 ‘OROEA; I OForAO| i W= OFIZIO AHCH
https://petar-v.com/talks/GNN-Wednesday.pdf Key ideat '—}O_' orculantelgenvalues '_I- =T MEI-DJ’ draulant matnx="2 EJ} HAEl-'



What about graphs? wxh =F7(FW) O F(h)

=  Beyondcirculants

&
S

* for easier handling of boundary conditions

56



h =F Y(F F(h
What about graphs? ) (F(w) © F(h))

= Beyonddirculants
- DRIIR|Z, &, “graph Fourier basis” T 2F 4=
graph adjacency matrix CH27 | IH20]] 242t2| graphOf| CHEH o7 FZAH

RULHH, eigenvaluesE et 7!

Adjacency matrix

[T =
I ] i ol
_T 1 : .
q’n—l—
" 1
P A P
x1 x 1
X1
1

57

* for easier handling of boundary conditions

Adjacency matrix? tgraph OflA] shift matrix O |H, eigenvector? tgraph fourier basis@ ! 0|7 : Gavili, A., & Zhang, X. P. (2017). On the shift operator, graph frequency, and optimal filtering in graph signal processing



wxh =F 1(Fw)® F(h))
What about graphs?
= Graph Laplacian matrix
«  Undirected graphs, Lis:
> Symmetric(Ll = L)

> Positive semi-definite(x” Lx > 0 for all x € RIV1)

= eigendecomposable! L = PAP* ,PP" =1

Adjacency matrix Laplacian matrix
Vertex A € R L=D -4 L e R
Ol1|0]0] " e I I R T R R O T A
T 10| 1 1 1 T4 | -1 -1 |-
Adjacency 7f
0| 1|0 1|0 | coomeigfieccs | 0| |2 |-1|0
Adjacency 2| 2= SASEHOHA]
0|1 | 1|01 | +emoscupg 0 |-1]-113]-
1 T O 110 -1 1-11 0 [-1T] 3

= —x1 +4x; — X3 — X4 — X5
= (xp—x1) + (X2—x3) + (x2—x3) + (x2—x4) + (x2—x5)

ZAnodeRt 012 node A0 2| A A e mot

58
Adjacency matrix? kgraph shift matrix & eigenvector? fgraph fourier basis?1 0|57 35: Gavili, A., & Zhang, X. P. (2017). On the shift operator, graph frequency, and optimal filtering in graph signal processing



What about graphs?

= Graph Laplacian matrix
«  Undirected graphs, Lis:
> Symmetric(Ll = L)

wxh =F 1(Fw)® F(h))

=

eigendecomposable! L = PAP* , D" =1 , & =[0,, D, *, D;—1]

> Positive semi-definite(x” Lx > 0 for all x € RIV1)

Eigen — decomposition of graph Laplacian

Lap eigenvalues/Spectrum:
A(nxXn)

J— —_—

0o

A

01

Dy

n-1

https://atcold.github.io/pytorch-Deep-Learning/en/week13/13-1/

Fourier functions

+1 e

7

\ @1 4’ / \\ % // \\\
\éz / \ A \

ﬂ/ \ A \
) e \\
P3 \
\/ ™ "Xx

0 +m

Grid/Euclidean domain

¢*

Lap eigenvectors/
Fourier functions(orthonormal basis)

Graph domain

Spectral graph clustering [1]

59
[1] Von Luxburg, Atutorial on spectral dustering, 2007



What about graphs? wxh =F(FW) O F(h)

= Graph Laplacian matrix
«  Undirected graphs, Lis:
> Symmetric(Ll = L)

= eigendecomposable! L = ®PADP* , P =1 ,P =[0, D4, **, Dp_1]
> Positive semi-definite(xTLx > 0 for allx € RV

Eigen — decomposition of graph Laplacian

Lap eigenvalues/Spectrum:

- A(n X n) o Unnomalized Laplacian L =D — A
6o
0, Nomalized Laplacian ~ p-1/2Lp-1/2 = D'%(D —A)D‘%
1 1 1
L =9 : @ = D"2(Dz — AD2)
(nxXn) ‘. e .
= D 2(Dz — AD 2)
\ o
0,1 Lap eigenvectors/ =1—-D 2AD 2

— —  Fourier functions (orthonormal basis)

60



Graph Convolution

= Spectral convolution

signal h on graph Graph Fourier transform

w * h =T_1(T(W)A@ Tq()ﬁl))

filter /kernel d*'w=w

(nxn) nxn)(nx1) (nxn) (nx1)

learning parameterss/filter

= ® (i O D*h)

(nmxn)(nx1) @mx1)

= ® Ww(A) @*h

(nxn)(nxn) (mx1)

F(X) = ®*X:fourier transform

® : Pointwise product

A [ (%o) ]
w = :

mx1) LW(An-1)

. w(ly) - 0
w(A) = diag(w) = [ : :
(nxmn) 0 W(/ln—l)

61



Graph Convolution

Spectral convolution

Graph Fourier Transform (

o

Signal

Eigen-decomposition L

®*h

1 w) [
A (W

(A)d)*h}'

nverse GFT (
Reconstruct 'L

q:W(A)cp*h]

Filtered signal

62



Summary

Graph Convolution

Problem

Graph datai=grid EfZ 7 X
[Cf2tAY, Convolution(template matching) ©4HX

Step 3
«  Convolution theorem on graph signal (spectral graph convolution)

Step 2

*  Graph Fourier transform
«  Eigenvector of Laplacian matrix = Graph Fourier basis

Step 1

»  Fouriertransform
«  Eigenvector of drculant matrix = Fourier basis

Solution
e Convolutiontheorem

«  Spatial domainO| OF-! spectral domaindflAf convolution £=34

63



Spectral Graph Convolution Networks



Spectral Graph Convolution Networks

Spectral filtering

Spectral/Spatial filtering

Spatial filtering

Published as a conference paper at ICLR 2017

Spectral Networks and Deep Locally Connected
Networks on Graphs

Joan Bruna Waojciech Zaremba
New York University New York University
brunaficims.nyu.edu woj.zaremba@gmail .com

Arthur Szlam Yann LeCun
The City College of New York New York University
aszlam@cecny.cuny.edu yann@cs.nyu.edu

Abstract

Convolutional Neural Networks are extremely efficient architectures in image and
audio recognition tasks, thanks to their ability to exploit the local translational
invariance of signal classes over their domain. In this paper we consider possi-
ble generalizations of CNNs to signals defined on more general domains without
the action of a translation group. In particular, we propose two constructions,
one based upon a hierarchical clustering of the domain, and another based on the
spectrum of the graph Laplacian. We show through experiments that for low-
dimensional graphs it is possible to learn convolutional layers with a number of
parameters independent of the input size, resulting in efficient deep architectures.

Convolutional Neural Networks on Graphs
with Fast Localized Spectral Filtering

Michaél Defferrard Xavier Bresson

EPFL, Lausanne, Switzerland

Pierre Vandergheynst

{michael.defferrard,xavier.bresson,pierre.vandergheynst}@epfl.ch

Abstract

In this work, we are interested in generalizing convolutional neural networks
(CNNs) from low-dimensional regular grids. where image, video and speech are
represented, to high-dimensional irregular domains, such as social networks, brain
connectomes or words” embedding, represented by graphs. We present a formu-
lation of CNNs in the context of spectral graph theory, which provides the nec-
essary mathematical background and efficient numerical schemes to design fast
localized convolutional filters on graphs. Importantly, the proposed technique of-
fers the same linear computational complexity and constant learning complexity
as classical CNNs, while being universal to any graph structure. Experiments on
MNIST and 20NEWS demonstrate the ability of this novel deep learning system
to learn local, stationary, and compositional features on graphs.

SEMI-SUPERVISED CLASSIFICATION WITH
GRAPH CONVOLUTIONAL NETWORKS

Thomas N. Kipf
University of Amsterdam
T.N.Kipf@uva.nl

Max Welling

University of Amsterdam

Canadian Institute for Advanced Research (CIFAR)
M.Wellingfuva.nl

ABSTRACT

We present a scalable approach for semi-supervised learning on graph-structured
data that is based on an efficient variant of convolutional neural networks which
operate directly on graphs. We motivate the choice of our convolutional archi-
tecture via a localized first-order approximation of spectral graph convolutions.
Our model scales linearly in the number of graph edges and learns hidden layer
representations that encode both local graph structure and features of nodes. In
a number of experiments on citation networks and on a knowledge graph dataset
we demonstrate that our approach outperforms related methods by a significant

margin.
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Spectral GCN [ wrh =FRFW O FR)
pectra

= Implementation

Spatial filter

hl+1 —_ n(Wl * hl) n:nonlinear actvation function

W) 0
w(A) = diag(w) =| :
0 - Wn-1)

=n(® Ww'(A) @*h')

(nxn) X n) (nx1)

Spectral filter

M da Ay Ay Ag As Ay M Ag Ao

66
https://www.youtube.com/watch? v=livOR6BjxHM [1] Bruna, Zaremba, SzZlam, LeCun, Spedtral Networks and Locally Connected Networks on Graphs, 2014



9X9 § 3

filter

Spectral GCN 1]

Limitation: Input image

HXWX3

1) Noguarantee of spatial localization of filters oxs

5 60X60

Multi-scale feature

Spatial filter

hl+1 — n(Wl * hl) n: nonactvation function

W) - 0
w(A) = diag(w) =| :
0 - Wp-1)

=n(® w'(A) ®"h')

(n X n) X n) (nx1)

Spectral filter

67
https://www.youtube.com/watch? v=livOR6BjxHM [1] Bruna, Zaremba, SzZlam, LeCun, Spectral Networks and Locally Connected Networks on Graphs, 2014



Spectral GCN 1]
= Limitation:
1) Noguarantee of spatial localization of filters
2) otfellayer0iiX O(n) parameters ot (W(ky), *, W(An-1))
3)  0(n?) learning complexity (Fourier transform with full matrix @)

Spatial filter

hl+1 —_ n(Wl * hl) n:nonactvation function

W) -0
w(A) = diag(w) =| :
0 - Wn-1)

=n(® Ww'(A) @*h')

(mxn) (nxn) (mx1)

Spectral filter

w(A)

68
https://www.youtube.com/watch? v=livOR6BjxHM [1] Bruna, Zaremba, SzZlam, LeCun, Spedtral Networks and Locally Connected Networks on Graphs, 2014



ChebNet!1!

= Less Computation!

*  0(n*) complexity: direct use of Laplacian eigenvectors, ®(n x n)

Ow * h) = 0(® w'(A) @*h!) = 0(n?)
(nXn)
Full matrix

69
https://www.youtube.com/watch? v=livOR6B]xHM [1] Defferrard, Bresson, Vandergheynst, Convolutional neural networks ongraphs with fast localized spectral fittering, 2016



ChebNet!1!

= Less Computation!
*  0(n*) complexity: direct use of Laplacian eigenvectors, ®(n x n)

— Figen-decompositionS ofA| 411, k&gt 4= QS

wxh=®WwWA) ®P°h

WO
K-1
W) = ) 0, AF

Polynomial parameterization!

70
[1] Defferrard, Bresson, Vandergheynst, Convolutional neural networks ongraphs with fast localized spectral fittering, 2016



ChebNet!1!

= Less Computation!
«  0(n*) complexity: direct use of Laplacian eigenvectors, ®(n x n)

— Eigen-decompositionS 6| 411, Skt 4= QLEmt?

w *h=<l>v’|7(A)<I>*h

Kk *
ZHRA)‘D’! L= ®AD
k=0
K-1 L? = OPAD*PAD* = DAIND* = DA’ P*
= Hkq) AF d*h N ®: Eigenvectors of L
= L= &N D (orthonormal b.c. Lis symmertricPSD)
K-1
= Qk Lkh
k=0 0y : O( 1) trainable parameters per layer
NO eigen_decomposition! O(Edge.K times) = 0(n) for sparse (real — world) graphs

71
[1] Defferrard, Bresson, Vandergheynst, Convolutional neural networks ongraphs with fast localized spectral filtering, 2016



Vertex

ChebNet!1!

= Localization

L

«  Kth-order polynomials filtter= &2f5| k-hopZtZ localize SHCt!

*  Spectral domainO| Of- Spatial domain! (no eigen-decomposition of Laplacian)

K=3 .

1 — hop neighbors

2 |1-1]0] 0] 6 | 5|1 |2]-4
K-1 R “1la-1f{-1]= R 5120 |-5|-5|-5| [hD
zekLkh :QO*[; + 6, x|0|-1][2]-1]0 [ + 0, x| 1|-5]|6]|-4]2 [‘
k=0 h®) o |-1|-1]3[-1] Ln®) 2 |5 |-a|12]-5| Lh®

wxh=®w(A) Ph

w(o) O

w(A) = diag(W) = : . :
0 o W(Apoy) 5
[1] Defferrard, Bresson, Vandergheynst, Convolutional neural networks ongraphs with fast localized spectral fittering, 2016



ChebNet!1!

= Chebyshev expansion

«  Monomials basis are unstable under coefficients perturbation (2425t | 024=2)

— Chebyshev polynomials for recursive (Ai+H) formulation!

Chebyshev polynomials
for recursive formulation

K-1
Z Qk xk - 90 + le + szz + 93x3 + .-
k=0

High-order polynomial has non-orthogonal basis 1, x, x%, x3, ...

Unstable under perturbation of coefficients

To(x) =1 Ti(x) =x Tp(x)=2xTp_1(x) — T—2(x)

—1<Ty(x) <1 forxe[-11]

K-1
z Hk Tk(.x) — 90 + Hlx + Qsz(x) + 93T3(x) +
k=0

Chebyshev polynomials {T} (x)}:orthogonal basis

Stable under coefficients perturbation

73

[1] Defferrard, Bresson, Vandergheynst, Convolutional neural networks ongraphs with fast localized spectral fittering, 2016



Chebyshev polynomials for recursive formulation:

ChebNet[l] To(x) =1 Ty (x) =Y T (x) = 22Ty (%) = T2 (%)
k-1 e N ClSh@siforxel-Ll
Z O Ty (x) = 9:) + 9136 +0;To(x) +63T3(x) + -

«  Monomials basis are unstable under coefficients perturbation(Z[&efol/ | HEi2) k=0
Chebyshev polynomials {Ty (x)}:orthogonal basis

= Chebyshev expansion

— Chebyshev polynomials for recursive (Ai+H) formulation!

—1<T(L) <1 forl € [-1,1]

K-1 K-1
wxh=d®d W(A) d*h = Z 04 L*h Z Qk Tk(Z)h Eigenvalues of L € [0, Apayx]
k=0
k=0

2L

L= — [ (rescaled L)
)\max

Lo LY 1213, .. High—order polynomial has non-orthogonal basis

74
[1] Defferrard, Bresson, Vandergheynst, Convolutional neural networks ongraphs with fast localized spectral fittering, 2016



Spectral GCN
ChebNet!! R =n(w « hT)

= Implementation =n(P WI(A) q)*hl)

hitl = n(Wl % hl)
-1<Ty(L) <1 forLl € [-1,1]

=1 (VTII (Z) hl) Eigenvalues of L € [0, Amax]

Z: 2L

}‘m ax

— I (rescaled L)

K-1
=1() Wi TR
k=0

75
[1] Defferrard, Bresson, Vandergheynst, Convolutional neural networks ongraphs with fast localized spectral filtering, 2016



—1<T(L) <1 forl € [-1,1] To(L) =1

Simplified ChebNet!*! (Vanilla GCNs) Cigenvaluesof Le 0ne]  Ty(I) = I
= Vanilla GCNs is a simplification of ChebNets. [ =32 —Itescaledr)  Tu(L) = 2LTeea (L) — Tiea(L)
Suppose K=2
K-1
BT =n(w! < ') = ’7(2 wi Tie (L)Y Renormalization trick
k=0 3 -
~ ~ A=A+1, Du=) Ay
=n((weTo(L) +wiTi (L))" (Add self-oop to graphs) 12’ .
~ — l ) 5\ hl 11
— n((w(l) _I_ W]l_L)hl) — T](W (I + D ZAD Z)h ) H—DCAD 2

Constrain w'

1 1
- W(l):_W{ Amax=2 — n(wl(ﬁ_f ~5_§)hl) D24D"2
= (W — wh (L~ IDhY) =i

=nw'(2I — L)hYH) o
L=1—D 2AD 2

(normailized Laplacian)

1 1
=n(w'(I + D"2AD"2)hY)

Problem: Operator with largest eigenvalue in [0,2] may cause divergence

76
[1] TN Kipf, M Welling, Semi-supervised dassification with graph convolutional networks, 2016

https://www.youtube.com/watch? v=livOR6BjxHM



Graph Convolution

From Spectral domain to Spatial domain

Graph Fourier Transform
| h I . nsform [ gy < py
Eigen-decomposition L

Signal

Spectral domain
wl) | - « 7 | Inverse GFT ~ "
} Fitter {W(A)(b h} Reconstruct {(DW(A)(D h
Filtered signal
Spatial domain

~1__ 1
w(D 2AD 2)h

1
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Simplified ChebNet!t! (Vanilla GCNs)

Single channel Multiple channel

1 1) 1 1
= (~__~~__ . _ (mn)(~——~~——) m
Noue = nw l? 2A JZ h;,) Nour =m(w Q 2AD g hin
e '
I eIz
(10 x 1) (10 x 10) (10 x 1) (10 x 3) (4 x 3) (10 X 10) (10 x 4)
hin hout h;, h,.u:
- = ﬁ Emm
= - o s | - - w(mn) g r4x3
= = o o = = -
Node 74 < = — Nodera: < =S EHEHE o
- - OO O O [ = -
= = o o = = -
- = O O O O [ = -
- - OoEdm -
=1 n=1 m=4 n=

78
[1] TN Kipf, M Welling, Semi-supervised dassification with graph convolutional networks, 2016



-
s

|

oooooooooo
oooooooooo

W(mn) € R4x3

Simplified ChebNet!*! (Vanilla GCNs)

Node 7H4=: N

‘ooopoooono
= 000000000
oooooooono
ooooooooo
ooooooooo

=y

=5
[T

w

Multiple channel

(mn)("’—l"“"—l) m ("’—1"”"—1) m..,(mn)
hout =71(W D 2AD 2 hin =77( D 2AD 2 hinw )

(N X n) (m X n) (N X N) (N X m) (N X n) (NXxN) (Nxm) (mXn)

4

2-layered neural network structure ) )
Renormalization trick: A= D 2AD ™z, A = (A + Iy)

Z = f(X, A) = softmax(ARelu(AXW )W)

79
[1] TN Kipf, M Welling, Semi-supervised dassification with graph convolutional networks, 2016



Summary of Spectral GCN

Spectral GCN(2014) ChebNet(2016) Simplified ChebNet(2017)
>
NN7 |8t Spectral graph-based /22| YHEZ Filter0fl Chebyshev expansion2 483l st& ChebyNet2 7t243F510{ 2-hop neighbors 1124
offOF & M0 |Ef ALt =& ZA
FilterS Sh& 755 W2 t0[E{ 2 THA]| QrYAQl ot&5= flof Self-loop 75t Renormalization trick= A|QF

Eigen-decomposition A&

v

Spectral filtering Spatial filtering

1) Spectral Graph CNN (Brunaet et al. ICLR 2014) 1) Simplified ChebNet (Kipf& Welling. ICLR 2017)
2) Spline GCN (Henaff et al. arXiv 2015) 2) GraphSage (Hamilton et al. NIPS 2017)

3) ChebNet(Defferardet et al. NIPS 2016) 3) MPNN (Glimer et al. ICML 2017)

4) Simplified ChebNet (Kipf& Welling, ICLR 2017) 4) GAT (Veliekovi¢ et al. ICLR 2018)
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Conclusion

Chapter 1

+  Graph Neural Networks
+  Graphstructure
+  Graphdata

Chapter 3

Spectral Graph CNN (Brunaetal. ICLR 2014)
ChebNet (Defferardet al. NIPS 2016)
Simplified ChebNet (Kipf& Welling, ICLR 2017)

Graph Convolution

Problem
*  Graphdatae=grid YEHE2 & X

Step3

+  Convolution theorem ongraph signal (spectral graph convolution)

Step2
»  GraphFourier transform

Chapter 2

«  Eigenvector of Laplacian matrix = Graph Fourier basis

Step1

+  Fouriertransform
+  Eigenvector of dirculant matrix = Fourier basis

Solution
«  Convolutiontheorem

+  Convolution theorem
+  Graph Fourier transform
*  Spectral Graph Convolution

»  Spatial domain0| Ol spectral domain®i|A] convalution =

+  [I2kM, Convolution (template matching) $4+X

>

Spectral GCN(2014) ChebNet(2016) Simplified ChebNet(2017)
NNZ|EFSpectral graph-based 2|z 2| 2H= Filtertll Chebyshev expansiong 420 a4 ChebyNet2 7t4381610 2-hopneighbors 1124

‘ , . . HOF & 20| 2 Al S e A e o - e
Filter= a+& 7Hs5HIt2H0|E 2 CHH rYAQIst& S 2ol Self-loop 27kt Renormalization trick Al

Eigen-decomposition 4=+

oF



https://math.mit.edu/~gs/

“Graphs are the most important discrete models in the world
G. Strang (MIT)

b
!
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How to define Fourier transforms for graphs?



How to define Fourier transforms for graphs?

*  Fouriertransform
« OO S (signal) E LIS = (frequency) £ Z==7 [BfE2 91O = F5HfoH0]
- Z2|0f| HO| AREotE Y [l sin, cos iRl
o D20 HER2 I FIERE A=FIP) EA| CfFe =l | CHFeh st LHE | sin, cos tf A efrE = BE e E Eoffol= A
LA ) Fourier transform
M fr g 7 2migt
” — —24TTl
R ! o= [ roersa
T~ 0 7 R
¢ <R
: s T .
A7 i Inverse Fourier transform
' z do
1 T g 6116}
T pred Frequency

https://darkpgmr.tistory.com/171

eZmEt

d¢

f@=&ﬂ®
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How to define Fourier transforms for graphs?
= Laplace operator

- HHYIE7|9| 2t (divergence) S 5ol el wl 2E= HA

4 T T T T T T T
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............................
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dd A
IR
[} i won
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Divergence Scalar et

https://ralasun.github.io/deep%20learning/2021/02/15/gcn/



How to define Fourier transforms for graphs?

Complex Exponentials form an Orthonormal basis
2T 2 2
e‘zN—k" = CcoS (%kn) + i * sin (%kn)
N=4k=0e=1n=4][111,1]
T A
N=4,k=1,e; = cos (En) + i * sin (En),n = &1, 1, —1,—1]
N =4,k =2,e, =cos(nn) +i*sin(rn),n =4:[1,-1,1,—1]

3 . (3 . .
N=4,k=3,e3=cos(7n>+l*sm(7n),n=4:[1,—l,—1,l]

Frequency

f@=&ﬂ8

eZmEt

N=4 means any signal x=[x, x4, x,, x3] can be expanded as a sum of these 4 bases scaled,

hitpy/ Arnshengo.com/iwp-content/uploads/2017/10/06222017 GONjpdf

i.e X=Xp€p + x161+x262+x363
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Frequency
How to define Fourier transforms for graphs? feo) = fR f(©le*™ds

Complex Exponentials form an Orthonormal basis

Check:< ey, e, >=[1,1,1,1] x[1,i,—1,—-i]T =1+i—-1—-i=0

Check:< ey, e; >=[1,-1,1,—-1] = [1,—i,—1,i]" =1+i—-1—-i=0

2Tk 2TCK 2TCK

<e" N "e" N ">=0whenk, #k,and [N "|=1Vk€eEZ

2Ttk
- {e’ N "} forms an orthonoamal basis

89
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How to define Fourier transforms for graphs?
1) Essentially, find a set of Fourier bases so that a graph signal can be decomposed

2) Do notwant to use complex exponentials

«  Complex exponentials involve complex numbers and do NOT involve the link structure of the graph

3) Howtofind a set of vectors which are orthonormal to each other and related to the graph structure?

hitpy/ Arnshengo.com/iwp-content/uploads/2017/10/06222017 GONjpdf
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How to define Fourier transforms for graphs?

Complex Exponentials are eigenfunctions

2
A(ezms‘t) — %ezmg‘t —(Zﬂf)z‘eznift (IARRD) X (BF) = (ARR) X (BHY)

] =3

Eigenfunction Eigenvalue T ‘

Eigenfunction Eigenvalue
(A7) (7a)

e2™Et (complex exponentials): 12F Laplacian BAR| eigenfunction

“Fourier tranform= Laplacian operator A 2| eigenfunction=2| &= &5l5t=

& J
Y

Frequency &=

The Emerging Field of Signal Processing on Graphs (IEEE 2013)



How to define Fourier transforms for graphs?

The classical Fourier transform is the
expansion of a function f in terms of the
complex exponentials, which are the
eigenfunctions of the one-dimensional
Laplace operator

N-1
1 i2ﬂkn
xn=ﬁ E X,e N
k=0

The Emerging Field of Signal Processing on Graphs (IEEE 2013)

: Analogously, we can define the graph

Fourier transform of a function f on the
vertices of G as the expansion of f in

terms of the eigenvectors of the graph
Laplacian

N-1
1 iznkn
*n =ﬁ2"ke i
k=0

Eigenfunctions of the graph Laplacian matrix
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J eZm'& —

How to define Fourier transforms for graphs? ot I

A (QZJTigt) —

—(2m§)*

e 2miét

Eigenfunction

|

Eigenvalue

“Fourier transform= Laplacian operator A2| eigenfunctions?| gf= =sli5t=tH=al"

@

“Graph Fourier transform graph Laplacian 2| eigenvectors2| &=
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How to define Fourier transforms for graphs?

Are Laplacian Eigenvectors Orthonormal?

Check:
[ 2 -1
1 3
e| n -1
of o
-1 -1
\ 0 0

[-0.4082 -0.4082
[-0.4149 -0.3094

9.7145e-17=0:)

hitpy/ Arnshengo.com/iwp-content/uploads/2017/10/06222017 GONjpdf

0 0 -1 [}\
-1 0 -1 0

2 -1 0 [})_

103 -1 -1
0 -1 3 o0
0 -1 0 1)

-0.4082 -0.4082

-0.0692 0.2209

-0.4082 -0.4149
-0.4082 -0.3094
-0.4082 -0.0692
-0.4082 0.2209
-0.4082 -0.2209
-0.4082 0.7935

-0.5053

0.0403
0.7590
0.2007

-0.2007
-0.2940

-0.4082 -0.4082]*

-0.2209 0.7935]" =

-0.2887 -0.5670
-0.2887 0.6581
-0.2887 -0.2051

0.5774 -0.3084
0.5774 0.3084

-0.2887 0.1140

0.0323
0.4685

-0.3564

0.5620

-0.5620
-0.1444
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Simplified ChebNet (Vanilla GCNs)



Simplified ChebNet!t! (Vanilla GCNs)

Input & Output

Feature extraction CHARZ nodel]| CHSH A E - “Node—-feature matrix”

X e R Z e R™€
110
O | 1
O | 1
110
110
Node-Feature matrix Node-Class matrix

96
[1] TN Kipf, M Welling, Semi-supervised dassification with graph convolutional networks, 2016
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A 11
Renormalization trick: A= D 24D 2, A= (A+ Iy)

Simplified ChebNet!! (Vanilla GCNs) S

O Unlabeled

Layer 1

Crossentropy Loss: L = —Z Z Y In(Z)
leyy, c=1

Activation map X :Node-feature matrix

Z = f(X,A) = softmax(ARelu(AXW )W) a:agacency maic
2-layered neural network structure IZ; ﬁeurfgs,t Matrix

D : Degree matrix

5X6 6X%x4 5x4

X:Node-Featurematrix W Weight matrix Activationmap
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=

~

A 11
Renormalization trick: A= D 24D 2, A= (A+ Iy)

Simplified ChebNet!*! (Vanilla GCNs) .

O Unlabeled

Layer 1

Crossentropy Loss: L = —Z Z Y In(Z)
leyy, c=1

Activation map X : Node~—feature matrix

Z = f(X,A) = softmax(ARelu(AXW O )WD)) a:Adpceneymair
2-layered neural network structure IZ | ((j) eu;,stl;t matrix

D : Degree matrix

5X6 6 X 4 5% 4
NI fitter
ZIHM node—feature AHA node-featureOf| ChsH
NIER fitterE H8AZI
— activationmap value
X:Node-Featurematrix ~ Wy: Weight matrix Activationmap
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~

A 11
Renormalization trick: A= D 24D 2, A= (A+ Iy)

Simplified ChebNet!! (Vanilla GCNs) S

O Unlabeled

™

Layer 1

Crossentropy Loss: L = —Z Z Y In(Z)

leyy, c=1

H, X *Node—feature matrix
Z = f(X,A) = softmax(ARelu(AXW )W) a:Adpceneymairx
Z :Output
2-layered neural network structure I Iden’sty matrix

D : Degree matrix

— 55 5x4 — 5x4

ReLU . =

- I

Activationmap H,

oY
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Simplified ChebNet!! (Vanilla GCNs)

Layer 2

softmax

(for dassification)

55

=

A ~_ 1.1
Renormalization trick: A= D 24D 2, A= (A+ Iy)
() ClssT
O Class2

O Unlabeled

Crossentropy Loss: L = —Z Z Y In(Z)
leyy, c=1

H, X *Node—feature matrix
Z = f(X,A) = softmax(ARelu(AXW O )WD)) 4:Adpceneymair
2-layered neural network structure IZ |c(j)eurf5tt/t Matrix
D : Degree matrix
5x2
5% 4 42 — 1o
O
_ 0| 1
1 0
1 0
H; W;: Weight matrix o Z :Output

oY
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2

A 1o -
Renormalization trick: A= D 24D 2, A= (A+ Iy)

Simplified ChebNet!! (Vanilla GCNs)

| oss function

L = =Y ey, Xoeq Yicln(Z) - “Cross-entropy error over all labeled data”

X : Node—-feature matrix

Z = f(X,A) = softmax(ARelu(AXW O )WD)) a:rdpceneymairx

2-layered neural network structure 7ot

Y, € RwXC 7 € pnxc

110 110

O | 1

O | 1 O | 1

110

110 110

Ground truth Output
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Simplified ChebNet!! (Vanilla GCNs)

=  Results
 Dataset:

> (itation network: Zt node=&A1, edge= ditation link, labeled rate= 2 node 2 training setdi| Q= label0| = node| HIE

»  NELL: Knowledge graphZ £& Z=F! bipartite graph (0|2 12), £ entity} 1 AI0]2| relation= node 2 Hed

Method Citeseer Cora Pubmed NELL
ManiReg [3] 60.1 59.5 70.7 21.8
Dataset Type Nodes Edges Classes Features Label rate SemiEmb [28] 59.6 59.0 71.1 26.7
Citeseer  Citation network 3,327 4,732 G 3,703 0.036 LP [32] 45.3 68.0 63.0 26.5
Cora Citation network 2,708 5,429 7 1,433 0.052 DeepWalk [22] 43.92 67.2 65.3 58.1
Pubmed Citation network 19,717 44,338 3 500 0.003 ICA [18] 69.1 75.1 73.9 23.1
NELL  Knowledge graph 65,755 266,144 210 5414 0.001  planetoid* [29]  64.7(26s) 75.7(13s) 77.2(25s) 61.9 (1855s)

GCN (this paper) 70.3(7s) 81.5(4s) T79.0(38s) 66.0 (48s)
GCN (rand. splits) 67.9£0.5 80.1+0.5 789+0.7 584x+1.7
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Simplified ChebNet!t! (Vanilla GCNs)
= Results
«  Optimal number of layers:

> Convolution layer 8 1- 107k | 5247 HH Alaiot A1} 2-37] layer AFERES [ 7 Y @45t At

—

Citeseer Cora Pubmed
0.490 e e + gasp e e e e e
0.85 gool T T
0.80} .85 h‘-«
By
bl
0.75 0.80 W
> - ]
|5} i |
] fm e
5 0.70 \ 5 0.75 .
o 5 i at )
E "I & "": e
0.65 o 0.70 4 ::.
0.60 #-=--2 Train [ o6sk ** Train ] o7gl T Train ':-
[ e+ Train (Residual) #———= Train (Residual) #———a Train (Residual} :
ossl T Test ] 060 *=---+ Test ] 0.76 w---= Teost
' =—= Tast [Residual) == Test [Residual) : s=——= Tast (Residual)
0.50 L 0.55 e
1 2 3 4 5 & 7 B 9 1D 1 2 3 4 5 6 7 & 9 10 1 2 3 4 5 & 7 8B 9 10
Numbar af layars Murmber of layers Number of layers
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Simplified ChebNet!! (Vanilla GCNs)

= Limitation
*  Memory requirement:
> Full-batch gradient descent 24+ 0851, dataset 27 |7 &5 memory 2+ 37t
> IR, mini-batch gradient descent BHH0 1 2, K7H layer?] AL mini-batch Of| Z&HE L ESQ| K HM O|R 'L =5 LESHH| 22 | AAHE|0{0F o= S 12
«  Nodefeature?+ AtZ, Edge feature (node relation) 2 1246H2| 4=
> Undirected graph0i2t 42 7t
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