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Graph Neural Networks

Image from GDJ, via Pixabay
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Graph Neural Networks

Zhou, Yu, et al. "Graph Neural Networks: Taxonomy, Advances, and Trends." ACM Transactions on Intelligent Systems and Technology (TIST) 13.1 (2022): 1-54.

GNN
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Graph Neural Networks
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Graph Neural Networks

Scene Graph Generation. Figure from D. Xu, Y. Zhu, C. B. Choy, and L. Fei-Fei, “Scene graph generation by iterative message passing,” in Proc. of CVPR, 2017

Image generated from scene graphs. Figure from J. Johnson, A. Gupta, and L. Fei-Fei, “Image generation from scene graphs,” in Proc. of CVPR, 2018

Scene graph from relationships between objects in image[1] Image generation from a scene graph[2]
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Graph Neural Networks

https://petar-v.com/talks/GNN-Wednesday.pdf , Petar Veličković, DeepMind 
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https://petar-v.com/talks/GNN-Wednesday.pdf


Graph Neural Networks

https://www.nature.com/articles/d41586-020-00018-3

https://www.sciencetimes.co.kr/news/ai%EB%A1%9C-%EB%82%B4%EC%84%B1%EA%B7%A0-%EC%9E%A1%EB%8A%94-%EC%8A%88%ED%8D%BC-%ED%95%AD%EC%83%9D%EC%A0%9C-%EB%B0%9C%EA%B2%AC/

Stokes, J. M., Yang, K., Swanson, K., Jin, W., Cubillos-Ruiz, A., Donghia, N. M., ... & Collins, J. J. (2020). A deep learning approach to antibiotic discovery. Cell, 180(4), 688-702.
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Graph structure

Vertex

Edge

𝐺 = (𝑉, 𝐸)

=
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http://dmqm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf
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Vertex

Edge

Graph structure

𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5 ×

= (𝑥2−𝑥1) + (𝑥2−𝑥3) + (𝑥2−𝑥3) + (𝑥2−𝑥4) + (𝑥2−𝑥5)

= −𝑥1 + 4𝑥2 − 𝑥3 − 𝑥4 − 𝑥5

20
http://dmqm.korea.ac.kr/uploads/seminar/Openseminar_jiyoonlee_210319.pdf



Graph domain
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Graph domain
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Graph domain
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Graph data

𝑟
𝑔
𝑏

∈ 𝑅3

𝑤 ∈ 𝑍 𝑝 ∈ 𝑅

2D grid 1D grid 1D grid

https://atcold.github.io/pytorch-Deep-Learning/en/week13/13-1/
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Graph data
▪

2D-Convolution Graph Convolution

Wu, Z., Pan, S., Chen, F., Long, G., Zhang, C., & Philip, S. Y. (2020). A comprehensive survey on graph neural networks. IEEE transactions on neural networks and learning systems, 32(1), 4-24.
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Convolution

https://arxiv.org/pdf/1603.07285v1.pdf
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Convolution

Image 
Patch 1

Image 
Patch 2

= 1

= 3

Template matching 2D grid(ℎ)

Image 
Patch 1
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Patch 2
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(filter)

Dot 
product

29



Convolution

Image 
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Image 
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= 3
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Template matching 2D grid(ℎ)

Template
(filter)
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97 8

64 5

Node ordering

1 2 3
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1 2 3

97 8
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Node ordering
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Template Graph

Node indices do not match the same information

No node ordering on graphs

Graph convolution

Permutation invariance: independent of the order of neighbor nodes, as there is no specific way to order them.
31



Graph convolution

Template Graph

Neighborhood size = 2
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How to define graph convolution?

ℱ 𝑤 ∗ ℎ = ℱ 𝑤 ⨀ ℱ ℎ

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)
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How to define graph convolution?

https://commons.wikimedia.org/wiki/File:Convolution_of_box_signal_with_itself2.gif
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Signal

Filter



How to define graph convolution?

https://darkpgmr.tistory.com/171
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How to define graph convolution?

https://sbme-tutorials.github.io/2018/cv/notes/3_week3.html

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)
37



How to define graph convolution?

https://www.youtube.com/watch?v=spUNpyF58BY

https://www.youtube.com/watch?v=Q5L_Ky6nKVo

38



How to define graph convolution?

Girault, B., & Ortega, A. (2019). What's in a frequency: new tools for graph Fourier Transform visualization. arXiv preprint arXiv:1903.08827.

Graph Fourier Transform
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=

𝑟
𝑔
𝑏

∈ 𝑅3

How to define Fourier transforms for graphs?
𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

41



How to define Fourier transforms for graphs?

• Image 𝑐𝑦𝑐𝑙𝑖𝑐𝑎𝑙 𝒈𝒓𝒊𝒅 𝑔𝑟𝑎𝑝ℎ, and 𝑪𝒐𝒏𝒗𝒐𝒍𝒖𝒕𝒊𝒐𝒏 over it 

∗ 𝑓𝑜𝑟 𝑒𝑎𝑠𝑖𝑒𝑟 ℎ𝑎𝑛𝑑𝑙𝑖𝑛𝑔 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

https://petar-v.com/talks/GNN-Wednesday.pdf

42https://mathworld.wolfram.com/GridGraph.html



https://petar-v.com/talks/GNN-Wednesday.pdf

∗ 𝑓𝑜𝑟 𝑒𝑎𝑠𝑖𝑒𝑟 ℎ𝑎𝑛𝑑𝑙𝑖𝑛𝑔 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠

× 𝑎
× 𝑏

× 𝑐

How to define Fourier transforms for graphs?

• Image 𝑐𝑦𝑐𝑙𝑖𝑐𝑎𝑙 𝒈𝒓𝒊𝒅 𝑔𝑟𝑎𝑝ℎ, and 𝑪𝒐𝒏𝒗𝒐𝒍𝒖𝒕𝒊𝒐𝒏 over it 

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)
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∗ 𝑓𝑜𝑟 𝑒𝑎𝑠𝑖𝑒𝑟 ℎ𝑎𝑛𝑑𝑙𝑖𝑛𝑔 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠

× 𝑎
× 𝑏

× 𝑐

How to define Fourier transforms for graphs?

• Image 𝑐𝑦𝑐𝑙𝑖𝑐𝑎𝑙 𝒈𝒓𝒊𝒅 𝑔𝑟𝑎𝑝ℎ, and 𝑪𝒐𝒏𝒗𝒐𝒍𝒖𝒕𝒊𝒐𝒏 over it 

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

https://petar-v.com/talks/GNN-Wednesday.pdf
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How to define Fourier transforms for graphs?

• Image 𝑐𝑦𝑐𝑙𝑖𝑐𝑎𝑙 𝒈𝒓𝒊𝒅 𝑔𝑟𝑎𝑝ℎ, and 𝑪𝒐𝒏𝒗𝒐𝒍𝒖𝒕𝒊𝒐𝒏 over it

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

https://petar-v.com/talks/GNN-Wednesday.pdf
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𝒃 𝒄 𝒂

𝒂 𝒃 𝒄

𝟎 𝟎

𝟎 𝟎

𝟎 𝒂 𝒃 𝒄 𝟎

𝒂 𝒃 𝒄𝟎 𝟎

𝒂 𝒃𝒄 𝟎 𝟎



How to define Fourier transforms for graphs?

• Image 𝑐𝑦𝑐𝑙𝑖𝑐𝑎𝑙 𝒈𝒓𝒊𝒅 𝑔𝑟𝑎𝑝ℎ, and 𝑪𝒐𝒏𝒗𝒐𝒍𝒖𝒕𝒊𝒐𝒏 over it

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

https://petar-v.com/talks/GNN-Wednesday.pdf
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𝒃 𝒄 𝒂

𝒂 𝒃 𝒄

𝟎 𝟎

𝟎 𝟎

𝟎 𝒂 𝒃 𝒄 𝟎

𝒂 𝒃 𝒄𝟎 𝟎

𝒂 𝒃𝒄 𝟎 𝟎



𝒇(𝑿) =

𝒃 𝒄 𝒂

𝒂 𝒃 𝒄

𝒄 𝒂 𝒃

𝒃 𝒄𝒂

:

𝑪([𝒃, 𝒄, 𝟎, 𝟎,⋯ , 𝟎, 𝒂])

How to define Fourier transforms for graphs?

• Image 𝑐𝑦𝑐𝑙𝑖𝑐𝑎𝑙 𝒈𝒓𝒊𝒅 𝑔𝑟𝑎𝑝ℎ, and 𝑪𝒐𝒏𝒗𝒐𝒍𝒖𝒕𝒊𝒐𝒏 over it

• Define a 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑛𝑡 matrix 𝑪([𝒃, 𝒄, 𝟎, 𝟎,⋯ , 𝟎, 𝒂]),𝑯 = 𝒇(𝑿) = 𝑪𝑿

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

https://petar-v.com/talks/GNN-Wednesday.pdf
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https://towardsdatascience.com/deriving-convolution-from-first-principles-4ff124888028

How to define Fourier transforms for graphs?
𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)
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https://towardsdatascience.com/deriving-convolution-from-first-principles-4ff124888028

AB = BA 일

How to define Fourier transforms for graphs?
𝐴𝑋 = 𝜆𝑋

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)
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https://towardsdatascience.com/deriving-convolution-from-first-principles-4ff124888028

𝑪([𝟎, 𝟏 𝟎, 𝟎,⋯ , 𝟎, 𝟎]) 𝐸𝑖𝑔𝑒𝑛𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝐸𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠

𝚽

How to define Fourier transforms for graphs?
𝐴𝑋 = 𝜆𝑋

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)
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https://towardsdatascience.com/deriving-convolution-from-first-principles-4ff124888028

𝑆ℎ𝑖𝑓𝑡 𝑚𝑎𝑡𝑖𝑟𝑥: 𝐶([0,1 0, 0,⋯ , 0, 0])

"Discrete Fourier basis"

𝐸𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠

𝚽

𝚽 = [𝑒(0) 𝑒(1) 𝑒(2) ⋯𝑒 𝑛−1 ]

𝑒(𝑘) =

𝑤𝑛
0∙𝑘

𝑤𝑛
1∙𝑘

𝑤𝑛
2∙𝑘

⋮

𝑤𝑛
(𝑛−1)∙𝑘

, 𝑤𝑛 = 𝑒(
2𝜋𝑖

𝑛
)

𝑬𝒊𝒈𝒆𝒏𝒗𝒆𝒄𝒕𝒐𝒓𝒔

How to define Fourier transforms for graphs?
𝐴𝑋 = 𝜆𝑋

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)



What we have covered so far

𝒇(𝑿) =

𝒃 𝒄 𝒂

𝒂 𝒃 𝒄

𝒄 𝒂 𝒃

𝒃 𝒄𝒂

𝐶 𝜃

= 𝚽

መ𝜃𝟎

መ𝜃𝟏

መ𝜃𝒏−𝟏

𝚽∗ = 𝚽( መ𝜃 ∘ ෡ )

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

𝚲

ℱ ℎ = 𝚽∗𝒉

https://petar-v.com/talks/GNN-Wednesday.pdf

52

𝚽∗ =𝚽𝐓

C θ =C([b, c, 0, 0,⋯ , 0, a]): a, b, c 를 weigh로 하는 circulant matrix

𝑤 ∗ ℎ ℱ−1 ℱ 𝑤 ℱ ℎ⨀



Fourier Transformation == Change of Basis
𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

http://yunshengb.com/wp-content/uploads/2017/10/10202017_GCN_Presentation-1.pdf

53

ℱ ℎ = 𝚽∗𝒉

C θ =C([b, c, 0, 0,⋯ , 0, a]): a, b, c 를 weigh로 하는 circulant matrix

http://yunshengb.com/wp-content/uploads/2017/10/10202017_GCN_Presentation-1.pdf
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What we have covered so far

• 𝚽:

• ෠𝜃

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

https://petar-v.com/talks/GNN-Wednesday.pdf
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What about graphs?

56

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

∗ 𝑓𝑜𝑟 𝑒𝑎𝑠𝑖𝑒𝑟 ℎ𝑎𝑛𝑑𝑙𝑖𝑛𝑔 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠



𝚽

𝚽

What about graphs?

57

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

∗ 𝑓𝑜𝑟 𝑒𝑎𝑠𝑖𝑒𝑟 ℎ𝑎𝑛𝑑𝑙𝑖𝑛𝑔 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠

𝑨𝒅𝒋𝒂𝒄𝒆𝒏𝒄𝒚 𝒎𝒂𝒕𝒓𝒊𝒙

𝟏 𝟎

𝟎 𝟏

𝟏 𝟎

𝟎 𝟏

Gavili, A., & Zhang, X. P. (2017). On the shift operator, graph frequency, and optimal filtering in graph signal processing



What about graphs?

𝑨𝒅𝒋𝒂𝒄𝒆𝒏𝒄𝒚 𝒎𝒂𝒕𝒓𝒊𝒙

Gavili, A., & Zhang, X. P. (2017). On the shift operator, graph frequency, and optimal filtering in graph signal processing

𝑳𝒂𝒑𝒍𝒂𝒄𝒊𝒂𝒏𝒎𝒂𝒕𝒓𝒊𝒙

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

⟹ 𝑒𝑖𝑔𝑒𝑛𝑑𝑒𝑐𝑜𝑚𝑝𝑜𝑠𝑎𝑏𝑙𝑒! 𝐋 = 𝚽𝚲𝚽∗ , 𝚽𝚽∗ = 𝐈

𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5 ×

= (𝑥2−𝑥1) + (𝑥2−𝑥3) + (𝑥2−𝑥3) + (𝑥2−𝑥4) + (𝑥2−𝑥5)

= −𝑥1 + 4𝑥2 − 𝑥3 − 𝑥4 − 𝑥5

58



What about graphs?

𝑬𝒊𝒈𝒆𝒏 − 𝒅𝒆𝒄𝒐𝒎𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒈𝒓𝒂𝒑𝒉 𝑳𝒂𝒑𝒍𝒂𝒄𝒊𝒂𝒏

⟹ 𝑒𝑖𝑔𝑒𝑛𝑑𝑒𝑐𝑜𝑚𝑝𝑜𝑠𝑎𝑏𝑙𝑒! 𝐋 = 𝚽𝚲𝚽∗

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

መ𝜃𝟎

መ𝜃𝟏

መ𝜃𝒏−𝟏

𝚽∗

Lap eigenvalues/Spectrum:

= 𝚽𝐋

𝚲(𝒏 × 𝒏)

Lap eigenvectors/
Fourier functions(orthonormal basis)

, 𝚽𝚽∗ = 𝐈

(𝒏 × 𝒏)

Fourier functions

Grid/Euclidean domain

Graph domain

𝐒𝐩𝐞𝐜𝐭𝐫𝐚𝐥 𝐠𝐫𝐚𝐩𝐡 𝐜𝐥𝐮𝐬𝐭𝐞𝐫𝐢𝐧𝐠[1]

, 𝚽 = [∅0, ∅1, ⋯ , ∅𝑛−1]

https://atcold.github.io/pytorch-Deep-Learning/en/week13/13-1/
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𝑬𝒊𝒈𝒆𝒏 − 𝒅𝒆𝒄𝒐𝒎𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒈𝒓𝒂𝒑𝒉 𝑳𝒂𝒑𝒍𝒂𝒄𝒊𝒂𝒏

⟹ 𝑒𝑖𝑔𝑒𝑛𝑑𝑒𝑐𝑜𝑚𝑝𝑜𝑠𝑎𝑏𝑙𝑒! 𝐋 = 𝚽𝚲𝚽∗

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

መ𝜃𝟎

መ𝜃𝟏

መ𝜃𝒏−𝟏

𝚽∗

Lap eigenvalues/Spectrum:

= 𝚽𝐋

𝚲(𝒏 × 𝒏)

Lap eigenvectors/
Fourier functions(orthonormal basis)

, 𝚽𝚽∗ = 𝐈

(𝒏 × 𝒏)

Unnomalized Laplacian

, 𝚽 = [∅0, ∅1, ⋯ , ∅𝑛−1]

= 𝐈 − 𝐃−
𝟏
𝟐𝐀𝐃−

𝟏
𝟐

𝐋 = 𝐃 − 𝐀

𝐃−𝟏/𝟐𝐋𝐃−𝟏/𝟐 = 𝐃−
𝟏

𝟐(𝐃 − 𝐀)𝐃−
𝟏

𝟐

= 𝐃−
𝟏

𝟐(𝐃
𝟏

𝟐 − 𝐀𝐃−
𝟏

𝟐)

= 𝐃−
𝟏

𝟐(𝐃
𝟏

𝟐 − 𝐀𝐃−
𝟏

𝟐)

Nomalized Laplacian
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Graph Convolution

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ(ℎ))
𝚽

(𝒏 × 𝒏)

𝚽∗𝒉𝚽∗𝒘 = ෝ𝒘

= 𝚽(ෝ𝒘⨀𝚽∗𝒉)

= 𝚽 ෝ𝒘(𝚲) 𝚽∗𝒉

(𝒏 × 𝟏) (𝒏 × 𝟏)

(𝒏 × 𝒏) (𝒏 × 𝒏) (𝒏 × 𝟏)

⨀ ∶ 𝑃𝑜𝑖𝑛𝑡𝑤𝑖𝑠𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡

ෝ𝑤 =
ෝ𝑤(𝜆0)
⋮

ෝ𝑤(𝜆𝑛−1)(𝒏 × 𝟏)

෢𝑤(𝜦) = 𝑑𝑖𝑎𝑔 ෝ𝑤 =
ෝ𝑤(𝜆0) ⋯
⋮ ⋱
0 ⋯

0
⋮

ෝ𝑤(𝜆𝑛−1)(𝒏 × 𝒏)

ℱ X = 𝚽∗X: fourier transform

𝑠𝑖𝑔𝑛𝑎𝑙 ℎ 𝑜𝑛 𝑔𝑟𝑎𝑝ℎ

(𝒏 × 𝒏)

𝑓𝑖𝑙𝑡𝑒𝑟/𝑘𝑒𝑟𝑛𝑒𝑙

𝐺𝑟𝑎𝑝ℎ 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚

𝑙𝑒𝑎𝑟𝑛𝑖𝑛𝑔 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠𝑠/𝑓𝑖𝑙𝑡𝑒𝑟

(𝒏 × 𝒏) (𝒏 × 𝒏) (𝒏 × 𝟏)(𝒏 × 𝟏)
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Graph Convolution

𝒉 𝚽∗𝒉
ෝ𝒘(𝚲)

ෝ𝒘(𝚲)𝚽∗𝒉 𝚽ෝ𝒘(𝚲)𝚽∗𝒉
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Summary

Problem

Graph Convolution

Solution

Step 1

Step 2

Step 3
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Chapter 3
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Spectral Graph Convolution Networks

Spectral filtering Spatial filteringSpectral/Spatial filtering
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Spectral GCN [1]

ℎ𝑙+1 = 𝜂(𝑤𝑙 ∗ ℎ𝑙)

Spatial filter

𝜂: 𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑎𝑐𝑡𝑣𝑎𝑡𝑖𝑜𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

= 𝜂(𝚽 ෝ𝒘𝒍(𝚲) 𝚽∗𝒉𝒍)

Spectral filter

෢𝑤(𝜦) = 𝑑𝑖𝑎𝑔 ෝ𝑤 =
ෝ𝑤(𝜆0) ⋯
⋮ ⋱
0 ⋯

0
⋮

ෝ𝑤(𝜆𝑛−1)

(𝒏 × 𝒏) (𝒏 × 𝒏) (𝒏 × 𝟏)

▪ Implementation

https://www.youtube.com/watch?v=Iiv9R6BjxHM
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Spectral GCN [1]

ℎ𝑙+1 = 𝜂(𝑤𝑙 ∗ ℎ𝑙)

Spatial filter

𝜂: 𝑛𝑜𝑛𝑎𝑐𝑡𝑣𝑎𝑡𝑖𝑜𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

= 𝜂(𝚽 ෝ𝒘𝒍(𝚲) 𝚽∗𝒉𝒍)

Spectral filter

෢𝑤(𝜦) = 𝑑𝑖𝑎𝑔 ෝ𝑤 =
ෝ𝑤(𝜆0) ⋯
⋮ ⋱
0 ⋯

0
⋮

ෝ𝑤(𝜆𝑛−1)

(𝒏 × 𝒏) (𝒏 × 𝒏) (𝒏 × 𝟏)

https://www.youtube.com/watch?v=Iiv9R6BjxHM
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Spectral GCN [1]

ℎ𝑙+1 = 𝜂(𝑤𝑙 ∗ ℎ𝑙)

Spatial filter

𝜂: 𝑛𝑜𝑛𝑎𝑐𝑡𝑣𝑎𝑡𝑖𝑜𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

= 𝜂(𝚽 ෝ𝒘𝒍(𝚲) 𝚽∗𝒉𝒍)

Spectral filter

෢𝑤(𝜦) = 𝑑𝑖𝑎𝑔 ෝ𝑤 =
ෝ𝑤(𝜆0) ⋯
⋮ ⋱
0 ⋯

0
⋮

ෝ𝑤(𝜆𝑛−1)

(𝒏 × 𝒏) (𝒏 × 𝒏) (𝒏 × 𝟏)

https://www.youtube.com/watch?v=Iiv9R6BjxHM
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[1]

▪ Less Computation!

(𝒏 × 𝒏)

𝒘 ∗ 𝒉) = 𝜱 ෝ𝒘𝒍 𝜦 𝜱∗𝒉𝒍 =
(𝒏 × 𝒏)

𝐹𝑢𝑙𝑙 𝑚𝑎𝑡𝑟𝑖𝑥

https://www.youtube.com/watch?v=Iiv9R6BjxHM
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[1]

▪ Less Computation!

(𝒏 × 𝒏)

→ 

Polynomial parameterization!

ෝ𝒘(𝚲) = ෍

𝑘=0

𝐾−1

𝜃𝑘 𝜦
𝑘

𝑤 ∗ ℎ = 𝚽 ෝ𝒘(𝚲) 𝚽∗𝒉
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[1]

▪ Less Computation!

(𝒏 × 𝒏) 

→ 

= 𝚽( ෍

𝑘=0

𝐾−1

𝜃𝑘 𝜦
𝑘) 𝚽∗𝒉

= ෍

𝑘=0

𝐾−1

𝜃𝑘𝚽𝜦𝑘 𝚽∗𝒉

= ෍

𝑘=0

𝐾−1

𝜃𝑘 𝑳
𝑘𝒉

𝑳𝑘= 𝚽𝚲𝑘𝚽∗

𝑳 = 𝚽𝚲𝚽∗

𝑳2 = 𝚽𝚲𝚽∗𝚽𝚲𝚽∗ = 𝚽𝚲𝑰𝚲𝚽∗ = 𝚽𝚲2𝚽∗

No eigen-decomposition!

𝑤 ∗ ℎ = 𝚽 ෝ𝒘(𝚲) 𝚽∗𝒉

𝜃𝑘: 𝓞( 1) trainable parameters per layer

𝑂(𝐸𝑑𝑔𝑒. 𝐾 𝑡𝑖𝑚𝑒𝑠) = 𝑂(𝑛) 𝑓𝑜𝑟 𝑠𝑝𝑎𝑟𝑠𝑒 (𝑟𝑒𝑎𝑙 − 𝑤𝑜𝑟𝑙𝑑) 𝑔𝑟𝑎𝑝ℎ𝑠
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[1]

▪ Localization

෍

𝑘=0

𝐾−1

𝜃𝑘 𝑳
𝑘𝒉

𝐾=3

= 𝜃0 ∗
ℎ(1)

⋮
ℎ(5)

2 -1 0 0 -1

-1 4 -1 -1 -1

0 -1 2 -1 0

0 -1 -1 3 -1

-1 -1 0 -1 3

+ 𝜃1 ∗
ℎ(1)

⋮
ℎ(5)

1 − ℎ𝑜𝑝 neighbors

6 -5 1 2 -4

-5 20 -5 -5 -5

1 -5 6 -4 2

2 -5 -4 12 -5

-4 -5 2 -5 12

+ 𝜃2 ∗
ℎ(1)

⋮
ℎ(5)

2 − ℎ𝑜𝑝 neighbors

72

𝑤 ∗ ℎ = 𝚽 ෝ𝒘(𝚲) 𝚽∗𝒉

෢𝑤(𝜦) = 𝑑𝑖𝑎𝑔 ෝ𝑤 =
ෝ𝑤(𝜆0) ⋯
⋮ ⋱
0 ⋯

0
⋮

ෝ𝑤(𝜆𝑛−1)



[1]

▪ Chebyshev expansion

1, 𝑥, 𝑥2, 𝑥3, …

෍

𝑘=0

𝐾−1

𝜃𝑘 𝒙
𝑘 = 𝜃0 + 𝜃1𝑥 + 𝜃2𝒙

𝟐 + 𝜃3𝒙
𝟑 +⋯

𝑇0 𝑥 = 1 𝑇1 𝑥 = 𝑥 𝑇𝑘 𝑥 = 2𝑥𝑇𝑘−1 𝑥 − 𝑇𝑘−2 𝑥

෍

𝑘=0

𝐾−1

𝜃𝑘 𝑇𝑘(𝑥) = 𝜃0 + 𝜃1𝑥 + 𝜃2𝑇2(𝑥) + 𝜃3𝑇3(𝑥) + ⋯

−1 ≤ 𝑇𝑘 𝑥 ≤ 1 𝑓𝑜𝑟 𝑥 ∈ [−1,1]

Chebyshev polynomials 𝑇𝑘 𝑥 :
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[1]

= ෍

𝑘=0

𝐾−1

𝜃𝑘 𝑳
𝑘𝒉𝑤 ∗ ℎ = 𝚽 ෝ𝒘(𝚲) 𝚽∗𝒉

𝐿0, 𝐿1, 𝐿2, 𝐿3, …

෍

𝑘=0

𝐾−1

𝜃𝑘 𝑇𝑘(෨𝐿)𝒉

෨𝐿 =
2𝐿

λ𝑚𝑎𝑥
− 𝐼(rescaled 𝐿)

−1 ≤ 𝑇𝑘 ෨𝐿 ≤ 1 𝑓𝑜𝑟෨𝐿 ∈ [−1,1]

Eigenvalues of 𝐿 ∈ [0, λ𝑚𝑎𝑥]

▪ Chebyshev expansion
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[1]

▪ Implementation

෨𝐿 =
2𝐿

λ𝑚𝑎𝑥
− 𝐼(rescaled 𝐿)

−1 ≤ 𝑇𝑘 ෨𝐿 ≤ 1 𝑓𝑜𝑟෨𝐿 ∈ [−1,1]

Eigenvalues of 𝐿 ∈ [0, λ𝑚𝑎𝑥]

ℎ𝑙+1 = 𝜂(𝑤𝑙 ∗ ℎ𝑙)

= 𝜂(ෝ𝑤𝑙(෨𝐿) ℎ𝑙)

= 𝜂(෍

𝑘=0

𝐾−1

𝑤𝑘
𝑙 𝑇𝑘(෨𝐿)ℎ

𝑙)

75

ℎ𝑙+1 = 𝜂(𝑤𝑙 ∗ ℎ𝑙)

= 𝜂(𝚽 ෝ𝒘𝒍(𝚲) 𝚽∗𝒉𝒍)

Spectral GCN



[1](Vanilla GCNs)
▪ Vanilla GCNs is a simplification of ChebNets.

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝐾=2

= 𝜂((𝑤0
𝑙𝑇0 ෨𝐿 + 𝑤1

𝑙𝑇1 ෨𝐿 )ℎ𝑙)

= 𝜂((𝑤0
𝑙 +𝑤1

𝑙 ෨𝐿)ℎ𝑙)

λ𝑚𝑎𝑥=2𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛 𝑤𝑙 = 𝑤0
𝑙=−𝑤1

𝑙

= 𝜂((𝑤𝑙 −𝑤𝑙(𝐿 − 𝐼))ℎ𝑙)

= 𝜂(𝑤𝑙(2𝐼 − 𝐿)ℎ𝑙)

= 𝜂(𝑤𝑙(𝐼 + 𝐷−
1
2𝐴𝐷−

1
2)ℎ𝑙)

𝐿= 𝐼 − 𝐷−
1
2𝐴𝐷−

1
2

(normailized Laplacian)

෨𝐿 = 𝐿 − 𝐼

Problem: Operator with largest eigenvalue in [0,2] may cause divergence

Renormalization trick

ሚ𝐴 = 𝐴 + 𝐼,

𝐼 + 𝐷−
1
2𝐴𝐷−

1
2

෩𝐷−
1
2 ሚ𝐴෩𝐷−

1
2

෪𝐷𝑖𝑖 =෍
𝑗

෪𝐴𝑖𝑗

= 𝜂(𝑤𝑙(𝐼 + 𝐷−
1
2𝐴𝐷−

1
2)ℎ𝑙)

= 𝜂(𝑤𝑙(෩𝐷−
1
2 ሚ𝐴෩𝐷−

1
2)ℎ𝑙)

(Add self-loop to graphs)

ℎ𝑙+1 = 𝜂(𝑤𝑙 ∗ ℎ𝑙) = 𝜂(෍

𝑘=0

𝐾−1

𝑤𝑘
𝑙 𝑇𝑘(෨𝐿)ℎ

𝑙)

෨𝐿 =
2𝐿

λ𝑚𝑎𝑥
− 𝐼(rescaled 𝐿)

−1 ≤ 𝑇𝑘 ෨𝐿 ≤ 1 𝑓𝑜𝑟෨𝐿 ∈ [−1,1]

Eigenvalues of 𝐿 ∈ [0, λ𝑚𝑎𝑥]

𝑇0 ෨𝐿 = 𝐼

𝑇1 ෨𝐿 = ෨𝐿

𝑇𝑘 ෨𝐿 = 2෨𝐿𝑇𝑘−1 ෨𝐿 − 𝑇𝑘−2 ෨𝐿

https://www.youtube.com/watch?v=Iiv9R6BjxHM
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Graph Convolution

𝒉 𝚽∗𝒉
ෝ𝒘(𝚲)

ෝ𝒘(𝚲)𝚽∗𝒉 𝚽ෝ𝒘(𝚲)𝚽∗𝒉

𝒘(෩𝑫−
𝟏
𝟐෩𝑨෩𝑫−

𝟏
𝟐)𝒉

77



𝒉𝒐𝒖𝒕 = 𝜼(𝒘 ෩𝑫−
𝟏
𝟐෩𝑨෩𝑫−

𝟏
𝟐 𝒉𝒊𝒏)

Node 개수:
N=10

𝒉𝒐𝒖𝒕 = 𝜼(𝒘(𝒎𝒏) ෩𝑫−
𝟏
𝟐෩𝑨෩𝑫−

𝟏
𝟐 𝒉𝒊𝒏

𝒎)

𝒉𝒊𝒏 𝒉𝒐𝒖𝒕 𝒉𝒐𝒖𝒕

[1](Vanilla GCNs)

(𝟏𝟎 × 𝟏𝟎) (𝟏𝟎 × 𝟏)(𝟏𝟎 × 𝟏) (𝟏𝟎 × 𝟏𝟎)(𝟒 × 𝟑) (𝟏𝟎 × 𝟒)(𝟏𝟎 × 𝟑)

𝒉𝒊𝒏

𝑤(𝑚𝑛) ∈ ℝ4×3

Node 개수:
N=10
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𝒉𝒐𝒖𝒕 = 𝜼(𝒘(𝒎𝒏) ෩𝑫−
𝟏
𝟐෩𝑨෩𝑫−

𝟏
𝟐 𝒉𝒊𝒏

𝒎)

[1](Vanilla GCNs)

(𝑵 × 𝑵)(𝒎 × 𝒏) (𝑵 ×𝒎)(𝑵 × 𝒏)

𝒉𝒐𝒖𝒕 = 𝜼( ෩𝑫−
𝟏
𝟐෩𝑨෩𝑫−

𝟏
𝟐 𝒉𝒊𝒏

𝒎𝒘(𝒎𝒏))

𝒁 = 𝒇 𝑿, 𝑨 = 𝒔𝒐𝒇𝒕𝒎𝒂𝒙(෡𝑨𝑹𝒆𝒍𝒖 ෡𝑨𝐗𝑾 𝟎 𝑾 𝟏 )

𝑅𝑒𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑟𝑖𝑐𝑘: መ𝐴 = ෩𝐷−
1

2 ሚ𝐴෩𝐷−
1

2, ሚ𝐴 = (𝐴 + 𝐼𝑁)

(𝑵 × 𝑵) (𝒎 × 𝒏)(𝑵 ×𝒎)(𝑵 × 𝒏)
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Spectral GCN(2014) ChebNet(2016) Simplified ChebNet(2017)

NN기반 Spectral graph-based 최초의방법론 ChebyNet을간소화하여 2-hop neighbors 고려

⋯

Spatial filteringSpectral filtering

Summary of Spectral GCN

Filter를학습가능한파라미터로대체

Filter에 Chebyshev expansion을적용해학습
해야할파라미터와계산복잡도감소

Eigen-decomposition 생략
안정적인학습을위해 Self-loop 추가한 Renormalization trick을제안

1) Simplified ChebNet (Kipf& Welling. ICLR 2017)

2) GraphSage (Hamilton et al. NIPS 2017)

3) MPNN (Glimer et al. ICML 2017)

4) GAT (Veličković et al. ICLR 2018)

1) Spectral Graph CNN (Brunaet et al. ICLR 2014)

2) Spline GCN (Henaff et al. arXiv 2015)

3) ChebNet(Defferardet et al. NIPS 2016)

4) Simplified ChebNet(Kipf& Welling, ICLR 2017)
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Conclusion



“Graphs are the most important discrete models in the world!”
G. Strang (MIT)

https://math.mit.edu/~gs/
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How to define Fourier transforms for graphs?

https://darkpgmr.tistory.com/171
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∆𝑓 = 𝛻 ∙ 𝛻 𝑓 = 𝛻2𝑓

How to define Fourier transforms for graphs?

https://ralasun.github.io/deep%20learning/2021/02/15/gcn/
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How to define Fourier transforms for graphs?

𝑥0, 𝑥1, 𝑥2, 𝑥3 can be expanded as a sum of these 4 bases scaled, 
i.e x = 𝒙𝟎𝒆𝟎 + 𝒙𝟏𝒆𝟏+𝒙𝟐𝒆𝟐+𝒙𝟑𝒆𝟑
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How to define Fourier transforms for graphs?
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How to define Fourier transforms for graphs?

90



𝐴𝑓 = 𝜆𝑓

How to define Fourier transforms for graphs?

The Emerging Field of Signal Processing on Graphs (IEEE 2013)
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How to define Fourier transforms for graphs?

The Emerging Field of Signal Processing on Graphs (IEEE 2013)
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How to define Fourier transforms for graphs?
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How to define Fourier transforms for graphs?
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Appendix

(Vanilla GCNs)
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[1](Vanilla GCNs)
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[1](Vanilla GCNs)

∙ =

𝐴𝑐𝑡𝑖𝑣𝑎𝑡𝑖𝑜𝑛 𝑚𝑎𝑝

𝒁 = 𝒇 𝑿, 𝑨 = 𝒔𝒐𝒇𝒕𝒎𝒂𝒙(෡𝑨𝑹𝒆𝒍𝒖 ෡𝑨𝐗𝑾 𝟎 𝑾 𝟏 )

𝑅𝑒𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑟𝑖𝑐𝑘: መ𝐴 = ෩𝐷−
1

2 ሚ𝐴෩𝐷−
1

2, ሚ𝐴 = (𝐴 + 𝐼𝑁)
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[1](Vanilla GCNs)

∙ =

𝐴𝑐𝑡𝑖𝑣𝑎𝑡𝑖𝑜𝑛 𝑚𝑎𝑝

𝒁 = 𝒇 𝑿, 𝑨 = 𝒔𝒐𝒇𝒕𝒎𝒂𝒙(෡𝑨𝑹𝒆𝒍𝒖 ෡𝑨𝐗𝑾 𝟎 𝑾 𝟏 )

𝑅𝑒𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑟𝑖𝑐𝑘: መ𝐴 = ෩𝐷−
1

2 ሚ𝐴෩𝐷−
1

2, ሚ𝐴 = (𝐴 + 𝐼𝑁)
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𝒁 = 𝒇 𝑿, 𝑨 = 𝒔𝒐𝒇𝒕𝒎𝒂𝒙(෡𝑨𝑹𝒆𝒍𝒖 ෡𝑨𝐗𝑾 𝟎 𝑾 𝟏 )

[1](Vanilla GCNs)
𝑅𝑒𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑟𝑖𝑐𝑘: መ𝐴 = ෩𝐷−

1

2 ሚ𝐴෩𝐷−
1

2, ሚ𝐴 = (𝐴 + 𝐼𝑁)

∙ =

𝐻1

𝑅𝑒𝐿𝑈

𝐻1
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𝒁 = 𝒇 𝑿, 𝑨 = 𝒔𝒐𝒇𝒕𝒎𝒂𝒙(෡𝑨𝑹𝒆𝒍𝒖 ෡𝑨𝐗𝑾 𝟎 𝑾 𝟏 )

[1](Vanilla GCNs)
𝑅𝑒𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑟𝑖𝑐𝑘: መ𝐴 = ෩𝐷−

1

2 ሚ𝐴෩𝐷−
1

2, ሚ𝐴 = (𝐴 + 𝐼𝑁)

𝐻2

∙ =𝑠𝑜𝑓𝑡𝑚𝑎𝑥 ∙
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[1](Vanilla GCNs)

𝒁 = 𝒇 𝑿, 𝑨 = 𝒔𝒐𝒇𝒕𝒎𝒂𝒙(෡𝑨𝑹𝒆𝒍𝒖 ෡𝑨𝐗𝑾 𝟎 𝑾 𝟏 )

𝑅𝑒𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑡𝑟𝑖𝑐𝑘: መ𝐴 = ෩𝐷−
1

2 ሚ𝐴෩𝐷−
1

2, ሚ𝐴 = (𝐴 + 𝐼𝑁)
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[1](Vanilla GCNs)
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[1](Vanilla GCNs)

103



[1](Vanilla GCNs)
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